Abstract. We show that if a compact complex manifold admits a Kähler metric whose holomorphic sectional curvature is everywhere non positive and strictly negative in at least one point, then its canonical bundle is positive.
Introduction
Let (X, ω) be a Kähler manifold and let Θ(T X , ω) be its Chern curvature. The holomorphic sectional curvature of ω in the direction given by a tangent vector v ∈ T X,x \ {0} is defined by
In the above formula, Θ(T X , ω) firstly acts as an endomorphism of the holomorphic tangent space and then, once contracted again with v using the hermitian product defined by ω, eats the pair (v,v) as a (1, 1)-form. Despite it is well-known that the holomorphic sectional curvature completely determines the Chern curvature tensor, it is not a priori clear wether and how its sign propagates and determines the signs of the other curvature tensors. An average argument anyway shows that there is a direct link between the sign of the holomorphic sectional curvature and the scalar curvature, i.e. the trace of the Ricci curvature, namely the positivity (resp. the negativity) of the former implies the positivity (resp. the negativity) of the latter.
However, it was conjectured by S.-T. Yau that a compact Kähler manifold (X, ω) with negative holomorphic sectional curvature should aways admit (a possibly different) Kähler metric ω ′ with negative Ricci curvature. Then, K X should be ample and, in particular, X should be projective. This conjecture has been proved only very recently in the projective case by Wu and Yau in [WY16] , and extended shortly after to the Kähler case by [TY15] . Before these major breakthroughs, only some cases were known under some extra conditions. For instance, this was proven in [HLW10] supposing the abundance conjecture to hold true (which is the case indeed in dimension less than or equal to three).
This circle of ideas fits also in the general conjectural picture of Kobayashi hyperbolicity of compact Kähler manifolds. Namely, it was conjectured by Kobayashi himself that a compact hyperbolic Kähler manifold should have positive canonical bundle. Now, if a compact complex manifold admits a hermitian metric of negative holomorphic sectional curvature, then it is well-known that the manifold in question is Kobayashi hyperbolic (the converse does not hold in general, see [Dem97, Theorem 8 .2] for a very interesting class of projective examples). Thus, negativity of the holomorphic sectional curvature is a strong way to have hyperbolicity and the result of Wu-Yau and Tosatti-Yang can also be seen as a weak confirmation of the Kobayashi conjecture. Now, what about compact Kähler manifolds with merely non positive holomorphic sectional curvature? They surely have nef canonical bundle thanks to [TY15] (in the projective case this is a well-known consequence of Mori's theorem, since they do not admit any rational curve, see next section for more details). Anyway, such a condition is not strong enough in order to obtain positivity of the canonical bundle, as flat complex tori show. A less obvious but still easy counterexample is given by the product of a flat torus and, say, a compact Riemann surface of genus greater than or equal to two endowed with its Poincaré metric. In this example, over each point there are some directions with strictly negative holomorphic sectional curvature but always some flat directions, too. We refer the reader to the recent paper [HLW14] for some nice results about the merely non positive case.
The above discussion can be seen as a motivation for the following (standard, indeed) definition. Definition 1.1. The holomorphic sectional curvature is said to be quasi-negative if HSC ω ≤ 0 and moreover there exists at least one point x ∈ X such that
This is thus the weakest condition, as long as the sign of holomorphic sectional curvature is concerned, for which one can hope to obtain the positivity of the canonical bundle. Here comes our main contribution. Theorem 1.2. Let (X, ω) be a connected compact Kähler manifold. Suppose that the holomorphic sectional curvature of ω is quasi-negative. Then, K X is ample. In particular, X is projective.
This answers a question raised in [TY15] (see also [HLW14, Remark 7 .2] for a related discussion). A particular case of this theorem was already proved in [WWY12] under the additional assumption that the Picard group of X is infinite cyclic, and in [HLW14] under the additional assumption that X is a projective surface.
Let us finish the introduction with the following question. We saw that, by [TY15] , a compact Kähler manifold X with a Kähler metric ω whose holomorphic sectional curvature is non positive has nef canonical bundle. On the other hand, by the celebrated Abundance Conjecture, such a manifold should have semiample canonical bundle. Now, if K X is semiample, the cohomology class −c 1 (X) has a semipositive smooth representative, hence Yau's solution of the Calabi conjecture implies the existence of a (possibly different) Kähler metric ω ′ with non positive Ricci curvature. It is thus legitimate to ask:
2. Reduction to the key inequality Let (X, ω) be a n-dimensional compact Kähler manifold such that HSC ω ≤ 0. Then, it is classically known (see for instance [Roy80, Corollary 2]) that X cannot contain any (possibly singular) rational curve, i.e. it does not admit any non constant map P 1 → X. Now, if X is projective, Mori's theorem immediately gives us that K X must be nef. If X is merely supposed to be Kähler, then the nefness of K X still holds true and is a direct consequence of the non positivity of the holomorphic sectional curvature, but this is a much more recent result [TY15, Theorem 1.1]. Now, suppose that one can show under the quasi-negativity assumption of the holomorphic sectional curvature that
Then, by [DP04, Theorem 0.5], we deduce that K X is big. In particular, carrying a big line bundle, X is Moishezon. Since X is Kähler and Moishezon, by Moishezon's theorem X is projective. But then, the following lemma implies that K X is ample.
Lemma 2.1 (Exercise 8, page 219 of [Deb01] ). Let X be a smooth projective variety of general type which contains no rational curves. Then, K X is ample.
Here is a proof, for the sake of completeness.
Proof. Since there are no rational curves on X, Mori's theorem implies as above that K X is nef. Since K X is big and nef, the Base Point Free theorem tells us that K X is semi-ample. If K X were not ample, then the morphism defined by (some multiple of) K X would be birational but not an isomorphism. In particular, there would exist an irreducible curve C ⊂ X contracted by this morphism. Therefore, K X · C = 0. Now, take any very ample divisor H. For any ε > 0 rational and small enough, K X − εH remains big and thus some large positive multiple, say
where ε ′ > 0 is a rational number. We have:
Finally, if ε ′ is small enough, then (X, ∆) is a klt pair. Thus, the (logarithmic version of the) Cone Theorem would give the existence of an extremal ray generated by the class of a rational curve in X, contradiction.
Remark 2.2. The same conclusion can be directly obtained by means of [Tak08, Theorem 1.1]. This theorem states, among other things, that the non-ample locus of the canonical divisor of a smooth projective variety of general type is uniruled. In particular, if there are no rational curves, the non-ample locus must be empty and thus K X is ample.
It is thus sufficient to prove inequality (1). Since K X is nef, for any ε > 0, the
Moreover, again by [WY16, Proposition 8], there exists a constant C > 0 which only depends on ω and n = dim X, such that
Therefore,
and what we have to show is that (3) lim
The next section will be entirely devoted to the proof of inequality (3), which in the sequel will be referred to as "key inequality".
Proof of the key inequality
The first observation is that the functions u ε are all ω ′ -plurisubharmonic for some fixed Kähler form ω ′ and ε > 0 small enough. For, let ℓ > 0 be such that ℓω − Ric(ω) is positive and call ω ′ = ℓω − Ric(ω). Thus, for all 0 < ε < ℓ, one has
Therefore, by [GZ05, Proposition 2.6], either {u ε } converges uniformly to −∞ on X or it is relatively compact in L 1 (X). Suppose for a moment that we are in the second case. Then, there exists a subsequence {u ε k } converging in L 1 (X) and moreover the limit coincides a.e. with a uniquely determined ω ′ -plurisubharmonic function u. Up to pass to a further subsequence, we can also suppose that u ε k converges pointwise a.e. to u. But then, e uε k → e u pointwise a.e. on X. On the other hand, we have e uε k ≤ e C so that, by dominated convergence, we also have L 1 (X)-convergence and
The upshot is that what we need to prove is that {u ε } does not converge uniformly to −∞ on X. From now on, we shall suppose by contradiction that
Now, as in [WY16] , consider the smooth positive function S ε on X defined by
Now, define T ε to be log S ε . In other words, T ε is the logarithm of the trace of ω with respect to ω ε .
Lemma 3.1. The function T ε satisfies the following inequality:
In particular, if {u ε } converges uniformly to −∞ on X, then T ε converges uniformly to +∞ on X.
Proof. Let 0 < λ 1 ≤ · · · ≤ λ n be the eigenvalues of ω ε with respect to ω. Then,
Thus, e −Tε < λ 1 so that e −nTε < (λ 1 ) n ≤ λ 1 · · · λ n . But, e uε ω n = ω n ε = λ 1 · · · λ n ω n , and so we get e −nTε < e uε , or, in other words,
Next, since we do not dispose of a negative constant uniform upper bound for HSC ω , we are naturally led to consider the following continuous function on X:
The quasi-negativity of the holomorphic sectional curvature of Theorem 1.2 translates in κ ≥ 0 and κ(x 0 ) > 0 for some x 0 ∈ X. By [WY16, Proposition 9], for every ε > 0 we have the following crucial inequality which makes the holomorphic sectional curvature enter into the problem:
Let us set M (x) = (n + 1)κ(x)/2n and
n X e uε ω n . Lemma 3.2. There exist a sequence {ε k } of positive real numbers converging to zero as k goes to infinity such that
Then, {v ε } is a family of ω ′ -plurisubharmonic functions on X such that for every ε > 0 one has max
Therefore, the functions v ε k cannot converge uniformly to −∞, and we see as above that, up to extracting a further subsequence, the function e vε k tends to e v in L 1 (X) and a.e. pointwise for some quasi-plurisubharmonic function v. Next, since e vε k ≤ 1 and M e vε k ≤ max X M , by dominated convergence we obtain that both e vε k and M e vε k converge in L 1 (X) respectively to e v and M e v , and moreover Proposition 3.3. Suppose that ϕ + , ϕ − ∈ C 2 (X) are such that
Proof. Let Ω ⊂ X be the set of points x ∈ X such that ϕ − (x) > ϕ + (x). First, observe that Ω cannot be the whole of X. Indeed, by subtracting the two differential inequalities in the statement we have that
so that we would obtain ∆ ωε (ϕ − − ϕ + ) ≥ 0 everywhere on X. But then, ϕ − − ϕ + would be constant and hence we would get
But this is impossible, since there is at least one point of X where M is strictly positive. Therefore, Ω is a proper open subset of X. In this open subset one has by definition that ϕ − (x) > ϕ + (x), which implies that ∆ ωε (ϕ − − ϕ + ) ≥ 0, and moreover ϕ − = ϕ + on the boundary ∂Ω. By the maximum principle, we thus get a contradiction.
Next, inspired by [KW74] , we want to construct a supersolution of (5). We first settle a regularity issue.
Proof. It suffices of course to prove that κ : X → R is Lipschitz. Suppose the contrary. Then, there exists a sequence (
where d X is the distance on X induced by ω. Without loss of generality, up to extract a subsequence, we can suppose that both {p i } and {q i } converge to the same point x 0 ∈ X. Fix a normal, geodesically convex, relatively compact coordinate neighborhood V of x 0 . The distance d X | V is thus equivalent to the flat Euclidean metric on V . By smoothly trivializing the tangent bundle over V via a ω-unitary local frame, we are led to the simpler situation where we consider a smooth function on the product B n ×C n , where B n is the open unit ball in C n , and take the maximum on the unit sphere in the second set of variables. Such a maximum is clearly a Lipschitz function on compact sets of B n .
Remark 3.5. V. Tosatti kindly communicated to us the following alternative way to proceed. Instead of taking care of the regularity properties of M , one may construct an auxiliary function M which is smooth and nonnegative on X, strictly positive at x 0 and bounded above by M . Such a function is easily constructed, since M is continuous. Now, in (4), replace M (x) = n+1 2n κ(x) by M (x). The inequality remains then true and the arguments above and right here below goes through as well without any issue of regularity for the RHS of the equation and then with now smooth f ε 's. Now, since by construction
and M is Lipschitz, we can find for each ε > 0 a unique
such that inf X f ε = 0. Our next goal is to find uniform real constants A, B such that A f ε + B is a supersolution of (5). Therefore, we would like to find A, B such that
Since inf X f ε = 0, then e A fε+B − A ≥ e B − A.
We thus choose A, B to be any real numbers respectively such that A is greater than 1/M 0 and B is greater than log A. But then, along the subsequence extracted in Lemma 3.2, for all k large enough, we have
and M e A fε+B − A ≥ M e B − A ≥ 0 holds for any ε > 0. In particular, for all k large enough, A f ε k +B is a supersolution of (5) with ε = ε k . But
so that T ε is a subsolution of (5) for all ε > 0. By Proposition 3.3, for each k large enough, we obtain
To conclude the proof of the key inequality, recall that we are assuming by contradiction that lim
and that this would imply that lim ε→0 inf X T ε → +∞, thanks to Lemma 3.1. But then, lim
because of our choice inf X f ε = 0. This is absurd.
Remark 3.6. Note that if the holomorphic sectional curvature had been strictly negative, then much more simply we could have chosen as a supersolution a constant (large enough) function. This would have immediately given a uniform upper bound for T ε , as in [WY16, TY15] .
Remark 3.7. The following elegant and somehow quicker way to conclude, which bypasses the use of sub and supersolutions, has been kindly communicated to us by H. Guenancia shortly after a first version of the present paper appeared on the ArXiv. Start from the inequality ∆ ωε T ε ≥ M e Tε − 1. Now, integrate over X using the volume form associated to ω ε , to get We obtain therefore the following integral inequality: Finally, if we define C ε = inf X e −uε/n , we have that e Tε > C ε , and
But then, as in Lemma 3.2, we can extract a subsequence of {v ε } with limit v which makes the two integral involved converge to a finite non zero limit. This is a contradiction since C ε → +∞.
Remark 3.8. Now that we know that K X is ample, we also know by the classical work of Aubin and Yau that there exists a unique smooth function u on X such that − Ric(ω) + i∂∂u n = e u ω n and − Ric(ω) + i∂∂u > 0. We claim, as in [WY16] , that u ε converges to this solution u in each C k,α -topology. Indeed, by standard arguments in the theory of Monge-Ampère equations it is sufficient to show hat there exist a uniform C 0 -estimate for u ε (see for example the proof of [BEGZ10, Theorem 5.1], or [Yau78, pp. 360 and 363]). We already know that there exists a uniform upper bound, so we only need a uniform lower bound. Now, the function u is a subsolution of each of the equations − Ric(ω) + εω + i∂∂u ε n = e uε ω n , then by [EGZ11, Theorem 2.18] we have that u ε ≥ inf u for all 0 < ε < 1.
